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SUMMARY 

Relationships have been derived for the first absolute and the second and third 
central moments of the chromatographic curve from a non-isobaric column for the 
Kubin and KuEera model (axial dispersion, external diffusion, internal diffusion, rate 
of adsorption). The dependence of the axial dispersion coefficient, mass transfer 
coefficient and effective diffusion coefficient on the pressure or carrier gas velocity is 
taken into account. In expressing the internal diffusion, the transition region between 
Knudsen and bulk diffusion is considered. By using the relationships for the moments, 
the dependence of the plate height on the carrier gas velocity is expressed (a modified 
Van Deemter equation for the non-isobaric case). If the rate of adsorption is not 
significant and internal diffusion takes place in the bulk region, it is possible to use 
the isobaric form of the Van Deemter equation with a corrected plate height. 

INTRODUCTION 

The driving force for the flow of a carrier gas through a packed chromato- 
graphic column is the pressure drop, &J Qlp = p0 - pe, where p0 and pe are the 
column inlet and outlet pressures, respectively). Consequently, the pressure p(z) 

decreases and the interstitial linear velocity v(z) increases along the column since 
because of the constancy of carrier gas mass flux, the following relationship holds* 
(on the assumption of ideal behaviour of the carrier gas): 

p(z) v(z) = peve = constant (1) 

Recently, gas chromatography has been increasingly employed to determine 
the physico-chemical and chemical engineering parameters of rate processes taking 
place in a packed column. Therefore, it is necessary to include into the relevant 
relationships also the effect of varying linear velocity and pressure of the carrier gas 

* The change in tot21 mass flux due to the injected substance is considered to he negligible. 
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because d number of parameters depend on these quantities (axial dispersion, external 
diffusion, internal diffusion). 

So far attention has been paid, from this point of view, to some simpler models 
of processes in chromatographic columns (see, e.g., refs. l-4) or a solution has been 
obtained by using simplifying assumptions s. For the most general model of gas chro- 
matography (the Kubin and Kui5era mode16*‘), the expression for the first absolute 
.moment of the outlet chromatographic curve has recently been obtained by Carleton 
et aL8. 

The aim of this work is to express the first absolute (&) and the second and 
third central moments &, ~3 of chromatographic curves in a non-isobaric column 
for the Kubin and Kuhra model. 

THEORETICAL 

Pressure and velocity profiles 
Even at relatively high carrier gas velocities, the Reynolds number in a packed 

column is usually low so that the Darcy equation is sufficient for the description of 
the carrier gas flow: 

N = B* (P/P) (l/&T) (-d&W (2) 

where N is the molar density of the carrier gas flow, & the gas constant, T the absolute 
temperature, ,u the viscosity of the carrier gas, B* a constant characteristic of the 
packed column and z the length coordinate of the column (z = 0 at the inlet, z = L 
at the outlet)_ On intepating this equation, we obtain the following expression for 
the dependence of pressure and linear velocity on the position in the column: 

PWP~ = ve144 = [l C (2 @av,/Btp,) (1 - $)]‘” (3) 

Or p(z)/p, = v&(z) = [l + (P2 - 1) (1 - +)]1’z (4) 

where the subscript e denotes the values at the column outlet and P is the relative 
pressure at the column inlet (P = pO/pe). 

Non-isobaric column 
If we divide the chromatographic column into differential segments of length 

dz, the pressure and velocity of the carrier gas can be considered to be constant in 
each segment. The contributions to moments due to a difierential segment dz are 
therefore the same as in an isobaric column in which the velocity and pressure are 
v(z) and p(z), respectively, and in which an identical shape of the input signal is used. 
Therefore, 

P&) -P;(O) = ,I”$ (j&obar cl2 (n = 0, 1,2, . ..) (5) 
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where tC,: and pa denote the nth absolute and central moment, respectively, of the 
chromatographic curve at the position .z@&L) and &C.) are the moments of the outlet 
chromatographic curve at z = L] and the subscript isobar denotes the moments for 
a column with a negligible pressure drop. 

The moments & and p,, for the isobaric and non-isobaric cases are defined in 
the usual way as 

y;(z) = (n = 0, 1,2, .._) (7) 
0 

fm t”c(z,t)dt/ 
0 

fmc(z,L)dl 

pn(z) = 

0 

f= (t - ,&“c(z,t)dt/ 
0 

p c(z,t)dt (n = 0, 1,2, . ..) (8) 

where c(z,t) is the time dependence of the concentration of an injected substance at 
the position z. 

Regardless of the pressure conditions in the column, for an input sigual in 
the shape of a rectangular pulse of width to it holds that 

Pm = w; Pm = Gm; Pm = 0 (9) 

If we use an input signal in the form of a Dirac function, all of the input moments 
are zero : 

p:(o) = pm(O) = 0 (n = 1,2, . ..) 

I&bin and KuCercz isobaric model 

(10) 

In the Kubin and KuEera model, the processes in a chromatographic column can 
be described by the following mass balances of the injected substance6*7~gJ0: 
column 

E(a%/azz) - v(ac/az) - (ac/ar) - (3r/j3) (D/R) @q/a IK) = 0 

particles of the column packing: 

(11) 

D[((a~q/W) f (2/r) (aqpr)] - p(aq/at) - @,(arv/at) = 0 (12) 

Because of the low concentration, a linear rate 
adsorption of the injected substance: 

If the adsorption is in equilibrium, this equation 
tion isotherm. 

The partial differential eqns. 11 and 12 
boundary and initial conditions: 

W~/%Z) = &Cc - 4Wl 

r = 0 aqpr = 0 

t<O c=q=w=o 

z = 0 t > 0 c = co(t) 

equation is assumed for the rate of 

(13) 

turns into the linear (Henry) adsorp- 

are supplemented by the following 

(14) 

(15) 

(16) 

(17) 
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ln eqns. 1 l-l 7, c and q denote the molar concentrations of the injected substance in 
the carrier gas in the space between the particles of the packing and in the pores of 
these particles, respectively, w is the molar amount of injected substance adsorbed 
per unit mass of packing particles, r is the length coordinate of the spherical particles 
of the packing (r = 0 at the centre, r = R at the external surface), t is the time from 
the beginning of input signal, E is the axial dispersion coethcient, which is usually 
expressed as 

E= (9/r) +xRv (18) 

9 is the binary bulk diffusion coefficient of the injected substance-carrier gas pair, 
T is the tortuosity of the space between the particles of the packing, z is a numerical 
coefficient characterizing the contribution of turbulent diffusion to axial dispersion, 
R is the radius of the particles of the packing, kd and K are the rate constant of 
desorption and the dimensionless equilibrium constant of adsorption of the injected 
substance on the internal surface of the particles of the packing, respectively, k, is 
the mass transfer coefficient of the injected substance between the bulk of the carrier 
gas and the external surface of the particle, D is the effective diffusion coefficient in 
the packing particle, (I: is the external porosity (void volume between particles per 
unit coIumn volume), #? is the internal porosity (pore volume in a particle per unit of 
its volume) and y is the ratio of the void volume in the particle (pores) to that between 
particles [r = (1 - a)/?/a]_ 

By solving the system of eqns. 1 l-17 by Laplace transformation, it is possible 
to obtain the following expressions for moments6~7*gJ1.12 : 

l&mSobar =P;co> + w9 (1 + 4J (19) 

l?Z(-%obar =p2(O) + Odv) EdI + @/fl) (1 + '%IO)~I cw 

1;UJ(-%obar = P3(0) + &W @z + 2(~5/~)4 (1 + 60) + 2@/9)'(1 + &j3] (21) 

where 

60 = Y(1 + K) (22) 

6, = 6, -I- s, + Bd (23) 

6, = (&%) (WW(1 t W = yK/k, (24) 

af = (&> (W/W (25) 

Non-isobaric model 
Under non-isobaric conditions it is necessary to take into account the change 

in the carrier gas velocity alon g the column and, simultaneously, the corresponding 
changes in transport parameters which depend on the carrier gas velocity or pressure. 
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The correction factorsfk(k = l-3) can be expressed as fnnctions of the rela- 
tive inlet pressure, P: 

fk =,I’ (IL/V)’ d(z/L) = [2/@ -!- 2)l (Pkf2 - IMP2 - 1) (36) 

The dependencesfk vs. P are illustrated in Fig. 1; it can be seen that the correction 
factors can take comparatively high values. It can also be seen that for lower P holds 

A(P) = lX(P)I-- 

P 

Fig. l_ Correction factors for moments. 

P 

First aholure moment. The factor& in eqn. 31 for &(L) is identical with the 
James-Martin correction for retention timesr4.r5 and has recently been derived by 
Carleton et ~1.8 for the Kubin and Kuhra model by solving a system of balance equa- 
tions for a non-isobaric column. On introducing the corrected linear velocity v,,,, as 

V=,lT = G/f1 (37) 

the dependence L&E) - pi(O)] v.s_ L/v,,,, must be linear and pass through the origin 
as in the isobaric case (cf-, eqn. 19). From the slope of this dependence it is possible 
to determine the adsorption parameter, 6,, or the equilibrium adsorption constant 
of injected substance, K. 

From a comparison of first absolute moments in the non-isobaric (P > 1) and 
isobaric (P = 1) cases at the same outlet velocity, v,, it follows that &(L) in the non- 
isobaric case is always higher becausef, > 1. This is a consequence of lower linear 
carrier gas velocities in the upstream parts of coh.unn in comparison with v,. 

Second central moment. Under otherwise identical conditions, at the same 
velocity v,, the second central moment in the non-isobaric column is always higher 
than in the isobaric case (correctionsf f f 1, 2, mfl > 1). The existence of a pressure drop 
consequently contributes to the peak spreading. The relative increase in the contri- 
butions of axial dispersion and external diffusion is the same; the increase in the 
internal diffusion contribution depends on the region in which internal difhion takes 

place (parameter HZ)_ With bulk diffusion (m = I), this increase is the same as for 
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Fig. 2. Correction factors for the Van Deemter equation (eqn. 38). 

The contributions to constant C (eqn. 42) change in the non-isobaric case in 
a different way. In comparison with the isobaric case, the contribution of the rate of 
adsorption diminishes (C,g,; g, < l), as the contribution of internal diffusion 
diminishes in the case when the Knudsen diffusion plays a more significant role 

(Cig,,,; e.g., for m = 0.5 g,_, < 1). The contribution of external diffusion (C,g,) is 
influenced only sliglrtly by the change in the pressure drop over the column (e.g., 
for P = 5, g, = 1.095); the same holds for internal diffusion in the bulk region (C,g,). 
Likewise the terms characterizing the turbulent (Ag,) and the diffusion (&) parts of 
axial dispersion change slightly. 

It often occurs that the rate of adsorption plays a negligible role (C, -+ 0) and 
the internal diffusion in close to the bulk region (m --f 1). Then it is possible to rewrite 
eqn. 39 in the form 

Wg2 = A + (WV,) + (G + C,)v, (47) 

The corrected plate height, H/g2, therefore exhibits a dependence on velocity, v,, 
identical with that for isobaric conditions. Since for P < 5 the correction function g2 
differs from 1 at most by IO%, it is possible to use, in a rougher approximation, the 
uncorrected values of H on the left-hand side of eqn. 47. 

CONCLUSION 

Using the relationships for moments of outlet chromatographic curves in non- 
isobaric columns, it is possibie to estimate the effect of pressure drop on the separation 
efficiency of the column: the retention times [-pi(L)] of components of the separated 
mixture increase in the same way (factory,); however, the peaks are simultaneously 

spread C-A01 and their asymmetry is increased [-&L)J. Consequently, partial 
overlapping of peaks takes place and the quality of separation is reduced. 

The presence of pressure drop does not cause any problems in chromato- 
graphic measurements aimed at evaluating the adsorption equilibrium constant of 
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an injected substance (K in the parameter 6 0, eqn. 22). Provided that the corrected 
carrier gas velocity, v,,,, (eqn. 37) is used, it is possible to evaluate the parameter 6, 
from the dependence &L;(L) - p’,(O)] vs. L/v,,,, in the same way as under isobaric 
conditions. 

A more complicated situation occurs when it is necessary to evaluate transport 
parameters by using higher moments of outlet chromatographic curves or plate 
heights. Then we usually start from the measurements at a number of linear velocities 
and/or particle sizes of the packing and a graphical procedure or numerical fitting of 
experimentally determined moments is used. Eqns. 32, 33 and 39 contain, in addition 
to constant parameters, the correction functionsfk and gk (eqns. 36 and 46), which are 
expressed through the easily measurable inlet pressure. Then it is necessary to express 
P in eqns. 36 and 46 from the relationship 

P = [1 + (2,uLa v,/B*P,JI~‘~ (48) 

which follows from eqns. 2 and 3. Further, it is necessary to express the dependence 
of E, on v,, e.g., by using eqn. 18’, and the dependence of (k,), on v, by employing 
the chemical engineering correlations for packed beds. As external diffusion usually 
represents a negligible resistance, the last step is not decisive. 

Under the usual conditions, adsorption is in the vicinity of equilibrium 
(6, --f 0), external diffusion plays only a negligible role and transport in the packing 
particles takes place mostly in wide transport pores (m + 1). Then it is possible to 
evaluate easily the effective diffusion coefficient, O,, from the slope of linear asymptote 
of the dependence of H/g2 vs. v, for higher linear velocities of the carrier gas (C,, 
eqn. 45). For the usual pressure drops the correction g, can also be omitted and the 
part of the dependence H vs. v, for higher velocities can be used directly. 

The validity of eqns. 5 and 6 is substantiated by the additivity of moments. 
Further proof follows from the identity of correction functionsf, andf, obtained for 
the case of a linear pressure decrease along the column with corrections obtained via 
the exact solution of the non-isobaric column material balance (partial differential) 
equations; for this simple pressure profile this can be easily done in a manner similar 
to that proposed by Carleton et aL8. 

SYMBOLS 

A, B, C term of the Van Deemter equation (cm, cm’/sec, set) 
B’ constant characteristic of the packed column (cml/sec) 

CW) time dependence of the concentration of the injected substance at position 
z in the interstitial volume (mol/cm3) 

C,,C&, contributions to the constant C in the Van Deemter equation (set) 
SB binary bulk diffusion coefficient (cm’/sec) 
D effective diffusion coefficient of injected substance in particles of the pack- 

ing (cm’/sec) 
E axial dispersion coefficient (cm2/sec) 

* This dependence is already incorporated in eqn. 39. 
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correction factor, eqn. 36 
correction factor, eqn. 46 
plate height (cm) 
mass transfer coefficient (cm/set) 
desorption rate constant for the injected substance (XC-‘) 
adsorption equilibrium constant for the injected substance 
column length (cm) 
exponent, eqn. 30 
molar density of the carrier gas flow (mol/cm2-set) 
column pressure at position z (dyn/cm’) 
relative pressure at the column inlet (P = p&J 
concentration of injected substance in pores of the particles of the packing 
(mol/cm3) 
length coordinate in spherical packing particle (cm) 
radius of the particles of the packing (cm) 
gas constant (erg/m01 - OK) 
Reynolds number, Re = ~RvQ/,Q 
Schmidt number, SC = /IQ/~ 
Sherwood number, Sh = 2RkJ.B 
time (set) 
width of the input rectangular pulse (set) 
absolute temperature (“IS) 
interstitial carrier gas velocity at position 2 (cm/set) 
molar amount of injected substance adsorbed per unit particle mass (mol/g) 
length coordinate of column; z = 0 at inlet (cm) 
external porosity 
internal porosity 
ratio of void volume in particle (pores) and between particles; y = 

. (1 - G/a 
contribution to moments 

S,, S,, S,, 6, contributions to moments (set) 
6, contribution to moments (set’) 
x numerical coefficient (eqn. 18) 
P carrier gas viscosity (g/cm-set) 
PIW nth absolute moment at position z (set”) 
PI&) nth central moment at position z (set”) 
e carrier gas density (g/cm”) 
t?P apparent packing density (g/cm’) 
t tortuosity of the interparticle space 

Subscripts 
0 column inlet 
e column outlet 
isobar negligible pressure drop 
a adsorption 

internal diffusion 
external diffusion 
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